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Abstract 

We introduce a class of iterated processes called a-time Brownian mo- 
tion for < a < 2. These are obtained by taking Brownian motion 
and replacing the time parameter with a symmetric a-stable process. 
We prove a Chung-type law of the iterated logarithm (LIL) for these 
processes which is a generalization of LIL proved in for iterated 
Brownian motion. When a — I it takes the following form 

liminfT"i/2(ioglQgy) g^p \Zt\=7r^y^ a.s. 

T^co 0<t<T 

where Ai is the first eigenvalue for the Cauchy process in the interval 
[—1, 1]. We also define the local time L*(x,t) and range R*{t) = \{x : 
Z{s) = X for some s < t}\ for these processes for 1 < a < 2. We prove 
that there are universal constants cji, cl G (0, oo) such that 

iimsup— — - — ,., ,„ , — ~ Cfj a.s. 

t^oo {t/\og\ogty/^'^log\ogt 

limmt— — - — -; — -J— — Cl a.s. 
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1 Introduction 



In recent years, several iterated processes received much research interest 
from many mathematicians, see [Tl HI 1711^1 1201 1211 [?5 29 and references there 
in. Inspired by these results, we introduce a new class of iterated processes 
called a-time Brownian motion for < a < 2. These are obtained by taking 
Brownian motion and replacing the time parameter with a symmetric a- 
stable process. For a = 2, this is the iterated Brownian motion of Burdzy 
One of the main differences of these iterated processes and Brownian 
motion is that they are not Markov or Gaussian. However, for a = 1, 2 these 
processes have connections with partial differential operators as described 
in [HIlll. 

To define a-time Brownian motion, let Xt be a two-sided Brownian mo- 
tion on M. That is, {Xi : t > 0} and \X^i : t < 0} are two independent 
copies of Brownian motion starting from 0. Let It be a real-valued sym- 
metric a-stable process, < a < 2, starting from and independent of Xt- 
Then a-time Brownian motion Zt is defined by 

Zt = Xijt), t > 0. (1.1) 

It is easy to verify that Zt has stationary increments and is a self-similar 
process of index l/2a. That is, for every k > 0, {Zt : t > 0} and 
{k-y^'^Zkt : t > 0} have the same finite-dimensional distributions. We 
refer to Taqqu [22] for relations of self-similar stable processes to physical 
quantities. The a-time Brownian motion is an example of nonstable self- 
similar processes. 

Our aim in this paper is two-fold. Firstly, we will be interested in the 
path properties of the process defined in (jl.lf) . Since this process is not 
Markov or Gaussian, it is of interest to see how the lack of independence 
of increments affect the asymptotic behavior. Secondly, we will define the 
local time L*{x,t) for this process for 1 < a < 2. We will prove the joint 
continuity of the local time and extend LIL of Kesten jl6j to these processes. 
We also obtain an LIL for the range of these processes. 

In the first part of the paper, we will be interested in proving a "liminf ' 
law of the iterated logarithm of the Chung- type for Zt. The study of this 
type of LIL's was initiated by Chung jSj for Brownian motion Wt- He proved 
that 

liminf(T^^ loglogT)"*^/^ sup |W^t| = — ttt cl.s. 
T^oo 0<t<T 8^/^ 

This LIL was extended to several other processes later including sym- 
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metric a-stable processes Yj by Taylor in the following form 
liminf(T-Moglogr)^/" sup \Yt\ = (Xa)^^" a.s. 

T^oo 0<t<T 

where Aq is the first eigenvalue of the fractional Laplacian (— A)"/^ in [—1, 1]. 

One then wonders if a Chung-type LIL holds for the composition of 
symmetric stable processes. Although these processes are not Markov or 
Gaussian, this has been achieved for the composition of two Brownian mo- 
tions, the so called iterated Brownian motion, which is the case of a = 2 
proved by Hu, Pierre-Loti- Viand, and Shi in |14| . They showed that 

/■^^2X 3/4 

l[mmiT^^^\\og\ogTf/^ sup \S}\ = {-^] a.s. (1.2) 

with Sj = X{Wt) denoting iterated Brownian motion, where X is a two- 
sided Brownian motion and W is another Brownian motion independent of 
X. This is the definition of iterated Brownian motion used by Burdzy [1]. 

Inspired by the above mentioned extensions of the Chung's LIL we ex- 
tend the above results to composition of a Brownian motion and a symmetric 
a-stable process. 

Theorem 1.1. Let a G (0,2] and let Zt be the a-time Brownian motion as 
defined in m.l]} . Then we have 

liminfr"^/2a(iQgiQg2-)(i+a)/(2Q) \Zt\=Da a.s. (1.3) 

T^oo 0<t<T 

where = Ca = (^V8)°/(i+")(l + a)(2"A„)V(i+-)(a)-°/(i+"). 

A Chung-type LIL has also been established for other versions of iterated 
Brownian motion (see [7j, ^7j) follows: 

o3/4 3/2 

hminf r-V4(iogbgT)3/4 sup \St\ = a.s. (1.4) 

T^oo 0<t<T ^ ' 

with St = W{\Wt\) denoting another version of iterated Brownian motion, 
where W and W are independent real-valued standard Brownian motions, 
each starting from 0. For a generalization of this result to a-time Brownian 
motions we define the process 

Zl^X{\Yt\), t>0. (1.5) 

for Brownian motion Xt and symmetric a-stable process Yt independent of 
X, each starting from 0, < a < 2. For this process we have 
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Theorem 1.2. Let a G (0,2] and let Zl he the a-time Brownian motion as 
defined in lll.5\} . Then we have 

liminfr"l/2a(jQg^Qg^)(l+a)/(2a) \Z^\ = a.s. (1.6) 

T^oo 0<t<T 

where Di = (Ci)(i+")/2°, = (7rV8)°/(^+")(l+a)(A„)i/(i+")(a)-"/(i+"). 

We note that the constants appearing in H1.3|) and 1)1.6^ are different. 
The main reason for this is that the process Zt have three independent 
processes {Xt : t > 0}, {X^t '■ t < 0} and Y, while the process Z^ does 
not have a contribution from {X^t ■ t < 0}. The proof of Theorem 11.21 
follows the same line of proof of Theorem ll.il except for the small deviation 
probability estimates for Z^ we use Theorem 12.41 

The motivation for the study of Local times of a-time Brownian motion 
came from the results of Csaki, Csorgo, Foldes, and Revesz |11| and Shi and 
Yor 122] about Kesten-type laws of iterated logarithm for iterated Brownian 
motion. The study of this type of LIL's was initiated by Kesten Let 
Bf be a Brownian motion, L(x,t) its local time at x. Then Kesten showed 

r L{0,t) sup^gjj L(x, t) 

hm sup , ^ = = lim sup — — = 1 a.s. (1.7) 

t^oo V^iloglogt t^oo y/2tlOglogt 



and 



limmr — — = r a.s. < c < oo. (1. 

V^/loglogt 



These types of laws were generalized later to symmetric stable processes 
of index a G (1, 2). More specifically, Donsker and Varadhan generalized 
(|1.7|) and Griffin ^H] generalized ()1.8|1 to symmetric stable processes. 

More recently, Kesten-type LIL's were extended to iterated Brownian 
motion S. Let Ls{x,t) be the local time of St = Wi{\W2(t)\), with Wi and 
W2 independent standard real- valued Brownian motions. (jl.Tf) was extended 
to the IBM case by Csaki, Csorgo, Foldes, and Revesz and Xiao [29] . 
This result asserts that there exist (finite) universal constants ci > and 
C2 > such that 

Lg(0,f) 

ci < hmsup -— — - — — - < C2 a.s. 1.9 
t'^/4(loglogt)'^/4 

(|1.8|) was extended to IBM case by Csaki, Csorgo, Foldes, and Revesz 
and Shi and Yor [2S1 • This result asserts that there exist universal constants 
C3 > and C4 > such that 

C3 < liminft~^/^(loglogt)^/''supLs(2;,i) < C4 a.s. (1.10) 
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Inspired by the definition of local time of IBM in , we define the local 
time of a-time Brownian motion defined in (|1.5|) as follows: 



oo 



L*{x,t) = / L2{u,t)duLi{x,u) 
Jo 

I'OO 

= / (L2(u,t) +L2(-n,t)KLi(x,u), (1.11) 
Jo 

where Li, L2 and L2 denote, respectively, the local times of X, Y and A 
similar definition can be given for a-time Brownian motion defined in Hl.l|) 
using the ideas in j5j. 

In §3, we will extend (jLlOj) to a-time Brownian motion. We will also 
obtain partial results towards extension of (|1.7j) . However, our results does 
not imply an extension of LIL in (|1.7() and are far from optimal yet, and 
leave many problems open. These results will follow from the study of Levy 
classes for the local time of Z and Z^. We extend H1.1U() as follows. 

Theorem 1.3. There exists a universal constant cl G (0,oo) such that 

1- ■ f sup^gjj L*(x, t) 

limmf — — - — ; ,, , ,„ = Cl a.s. 

t^oo (t/loglogt)l-V2a 

A similar result holds also for the local time of the process defined in 
Hl.l|) . The usual LIL or Kolmogorov's LIL for Brownian motion which re- 
places the time parameter was used essentially in the results in JA^ and j25j 
to prove Kesten's LIL for iterated Brownian motion. However, there does 
not exist an LIL of this type for symmetric a-stable process which replaces 
the time parameter in the definition of a-time Brownian motion. To over- 
come this difficulty we show in Lemma b.ll that the LIL for the range process 
of symmetric a-stable process suffices to prove Theorem 11.31 

We also obtain usual LIL for the range of a-time Brownian motion. 
Then, we use it with a particular case of occupation times formula to obtain 
Kesten's LIL for these processes. This is also essential in the study of some 
of Levy classes of local time of Z^. 

Theorem 1.4. There exists a universal constant cr £ (0, 00) such that 
hmsup— —77^ = Cr a.s. 

t^oo {t/ log log t) l/2a log log t 

where R*{t) = |{x : Z^{s) = x for some s < t}\. 
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A similar result holds also for range of the process defined in . 

Our proofs of Theorems 11.11 and 11.21 in this paper follow the proofs in 
jl4j making necessary changes at crucial points. In studying the local time 
of a-time Brownian motion we use the ideas we learned from Csaki, Csorgo, 
Foldes, and Revesz and Shi and Yor with necessary changes in the 
use of usual LIL of the range processes. Our proofs differ from theirs since 
there does not exist usual LIL for symmetric a-stable process. To overcome 
this difficulty we show that the usual LIL for the range of symmetric a-stable 
process suffice for our results, see Lemma 13. II We also adapt the arguments 
of Griffin to our case to prove the usual LIL for the range of a-time 
Brownian motion. Our proofs differs from his in that a-time Brownian 
motion does not have independent increments. So we disjointify the range 
of symmetric a-stable process to get independent increments, see Lemma 
13.61 The paper is organized as follows. We give the proof of Theorem II. II in 
§2. The local time and the range of a-time Brownian motion are studied in 
§3. 

2 Chung's LIL for a-time Brownian motion 

We will prove Theorem 11.11 in this section. Section 2.1 is devoted to the 
preliminary lemmas about the small deviation probabilities. In section 2.2 
we prove the lower bound in Theorem ll.il Upper bound is proved in section 
2.3. 

2.1 Preliminaries 

In this section we give some definitions and preliminary lemmas which will 
be used in the proof of the main result. 

A real-valued symmetric stable process Yt with index a G (0, 2] is the 
process with stationary independent increments whose transition density 

pU^, y) = P'"it, X - y), {t, X, y) G (0, oo) x M" x M", 
is characterized by the Fourier transform 

/ e*J'V(t,y)c^y = exp(-i|er), t>0,eGM". 

The process has right continuous paths, it is rotation and translation invari- 
ant. 

The following lemma gives the small ball probabilities for the process 
supo<t<i \Yt\- 
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Lemma 2.1 (Mogul'skii, 1974, ^^). Let < a < 2 and let Yt be a 

symmetric a-stable process. Then 

lim e"logP[ sup \Yt\ < e ] = -A„, 

e^0+ 0<t<l 

where Xa is the first eigenvalue of the fractional Laplacian operator in the 
interval [—1, 1]. 

This is an equivalent statement of the fact that 

hm P[t > t] = -Xa, 

t^oo 

due to scaHng property of supQ<j<]^ \ Yt\, where r = inf{s : lYsl > 1} is the 
first exit time of the interval [—1,1] 

Let R = supo<t<i Yf — info<4<i Yt be the range of Yf. The following is 
a special case of Theorem 2.1 in jH]. 

Theorem 2.1 (Mogul'skii, 1974, 

lim e"logP[ < e 1 = -2"A„. 

We use the following theorem (Kasahara |15l Theorem 3] and Bingham, 
Goldie and Teugels [31 p. 254]) to find the asymptotics of the Laplace 
transform of R below. 

Theorem 2.2 (de Bruijn's Tauberian Theorem). Let X be a positive 
random variable such that for some positive Bi, B2 and p, 

-Bi < liminf a;PlogP[X < x\ < limsupxPlogP[X < x] < -B2. 

Then 

-{p+l){Biy/^P+'^^p-P/^P+'^^ < liminf A-P/(P+^) log^e"^^ 
< limsupA-P/(P+^) log-Ee-^^ < -(p + l)(B2)^/^^+^V~^/^^"^^^- 

A— >oo 

From de Bruijn's Tauberian theorem and Theorem 12.11 we have 
Lemma 2.2. 

lim A-"/(i+") log-E[e-^-^] = -(1 + a)(2"A„)i/(^+")a-"/(^+"). 

A— >oo 
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The following theorem gives the small ball deviation probabilities for the 
process Zt defined in Hl.lj) . 

Theorem 2.3. We have 

lim logP[ sup \Zt\ <u]= -(7rV8)"/(^+")^a, 

0<t<l 

where Aa = {I + a)(2"AQ)i/(^+")a-"/(i+") . 

Proof. Let Xt be a Brownian motion. From a well-known formula (see 
Chung :8 ): 



P[ sup \Xt\<u] = - 

0<t<l TT 

we get that, for all n > 0, 



E 

k=l 



-1) 



k-1 



2k - 1 



■ exp 



{2k - 1)2^2 



vr 



vr2 \ 



■Z < ^[ sup \Xt\<u]<- exp -— r 



8m2 ; 



0<t<l 



vr 



vr 



8u2 J 



(2.1) 



Let = X{Yt) be the a-time Brownian motion and let 
S{t) = sup Y„ lit) = inf Ys, 

0<s<t 0<s<t 



(2.2) 



then 

P[ supo<t<i \Zt\ < u ] 



P[ sup \Xt\ < u, sup \Xt\ < u 
0<t<S{l) i{i)<t<o 



E 



u 



P sup \Xt\ < ^ 

\o<t<i \/S{l) 

16 „ / ^^{S{l)-I{l)) \ 
8m2 ) 



Y \P \ sup \Xt\ < , 



Y 



< —^Eexp 



vr 



(2.3) 



This last inequality follows from the second part of 1)2.1(1 . Similarly the first 
part of 1(2. 1|) gives us a lower bound, with 47r~2 instead of 167r^2^ Now the 
proof follows from the given inequalities and Lemma 12.21 □ 

The following theorem gives the small ball deviation probabilities for the 
process Z^ defined in ()1.5I) . 
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Theorem 2.4. We have 

lim logP[ sup IZ/I <u] = -(^V8)"/(i+°)^i, 

■^^0 0<t<l 

w/iere = (1 + a)(Ac,)^/(^+")a""/(^+") . 

Proof. Let M(t) = supo<s<t The proof follows the same line of the 
proof of Theorem 12.31 except at the end we have 
P[ supo<t<i \Zl\<u] 

= P[ sup \Xt\<u,] 

0<t<M(l) 



E 



P \ sup \Xt\ < , ^ \Y 

U<t<i vW) J 



4 / 7r2M(l)\ , , 

and similarly a lower bound with 2/7r instead of 4/7r. Then we use Lemma 
12.11 and de Bruijn's Tauberian theorem. □ 

Lemma 2.3. For all < a < b, u > we have 

P[a< sup \Zt\ <b]< {b/a - if. 

0<t<u 

Proof. The proof follows from the proof of Lemma 4.1 in [21 ■ D 

The following proposition is the combination of two propositions in [2], 
which are stated as Proposition 2 on page 219 and Proposition 4 on page 
221. 

Proposition 2.1. Let Yt be a symmetric a-stable process. Let 

S{t) = sup Vs. 

0<s<t 

Then there exists ki,k2 > such that 

lim x"P[yi >x]= lim x"P[5(l) > x] = ki, 

x^oo x-^oo 

and 

lim x-"/2p[5(l) <x]= k2. 

x^0+ 
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We will use following versions of Borel-Cantelli lemmas in our proofs. 

Lemma 2.4 (Borel-Cantelli Lemma 1). Let Ei,E2, - ■ ■ be a sequence of 
events (sets) for which P[En] < oo. Then 

i.e with probability 1 only a finite number of events E^ occur simultaneously. 

Since the process Zt does not have independent increments we have to 
use another version of the Borel-Cantelli lemma which is due to Spitzer |26j . 

Lemma 2.5 (Borel-Cantelli Lemma 2, p. 28 in tS^J). LetEi,E2,--- 

be a sequence of events (sets) for which 

oo n n / / ^ \ ^ 

^P[En] = oo and limmfJ2J2^^^'^i^ / i^^^^^n (<=>!)• 



ra=l 

Then 



i=l 3=1 



P[n'^^, UtLnEk]=P[Eni.o]>yc. 



2.2 Proof of the lower bound 

The lower bound is easier as always. We use Theorem 12.31 Let 

be the small deviation probability limit for supo<t<T \ ^t\ given in Theorem 
12.31 For every fixed e > 0, it follows from Theorem 12.31 that, for T suffi- 
ciently large, we have 



P 



r-i/2«(loglogr)(i+")/2"supo<t<Tl^t| < (1 - e)(i+")/"d'+"^^'" 



p 



sup \Zt\ < (l-e)(i+")/"C7^i+")/2"(loglogr)-(i- 



-a)/2a 



0<t<l 



< exp[-(l-e)(l-e)-2c„C-iloglogr] 
1 



exp 



■ log log T 



(1-6) 

Taking a fixed rational number a > 1 and = gives that 
^P[T-^/^°(loglogr,)(i+-)/2" sup \Z,\ 

t^l 0<t<T, 

< (1 - e){i+°)/"C7^i+")/2Q] < 
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It follows from Borel-Cantelli lemma, by letting e ^ 0, that 

limmfr~^/^"(loglogrfe)(i+")/2" sup \Zt\>c2+'''>/^'' = Da a.s. (2.5) 

Since for every T > 0, there exists k > such that T]. <T < T/c+i, we have 
T-i/2"(loglogT)(i+°)/2° sup >r-+Y'"(loglogTfe)(i+")/2- sup \Zt\ 

0<t<T 0<t<Tfe 



= a~'/'^T-'/'"{log\ogTk)('+"^/'^ sup |Z,|, 

0<i<Tfc 

which together with ()2.5() . yields the lower bound, as the rational number 
a > 1 can be arbitrarily close to 1. 

2.3 Proof of the upper bound 

We follow the steps in the proof of Lemma 4.2 in jjl]. Let e > be fixed. 
For notational simplicity, we use the following in the sequel 

Tfc = exp(A:log/c) 

Bk = { sup \Zt\ < ttk}. 

0<t<Tk 

It follows from Theorem 12.31 that there exists ko{e), depending only on e, 
such that for every k > fco(e), we have 

PiBk) > exp(-(l + 3e)C«(l + 3e)-2c~iloglogrfc) 

which yields existence of positive constants C = C(e) and = A^(e) such 
that for every n > N, 

n 

>Cn2^/(i+2e)_ (2.6) 

k=l 

We now establish the following 
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Lemma 2.6. We have 

n n / / " \ ^ 

i=i j=i / \i=i / 

Proof of Lemma \2. 61 Let X > be a constant such that 

> l/a(3(l + 2e)/e-2), 

and let = [n'^/^"'^^^'^-'] (with [x\ denoting the integer part of x). We set 
furthermore 

Ei={{i,j) : l<i,j<n, <19} 
^2 = {(^,j) : n,<i,j<n, \i - j\ > 20}. 

Since by (ITKl) . 

j=i j=i / \fi=i / / j=i 

and 

(ij)G£;i / \i=i / / i=i 

it suffices to prove that 

ll^^S^E E P[B.B,] / [j^PlB.]] <l. (2.8) 

Let 

5(t) = sup y„ /(t) = inf 

0<s<t 0<s<t 



F(x) = P\ sup < x], Vx > 0. 

0<t<l 

Then for ah i < j and ah positive numbers "Px <'P2^ Qi < Q2, 

P{BiBj\S{Ti)=pi,S{Tj)=p2,I{Ti) = qi,I{Tj) = gs] 

= P[ sup \Xt\<ai, sup < Oj, sup \Xt\ < Oj] 

-qi<t<pi Pl<t<P2 -q2<t<-qi 

= P[ sup \Xt\ < tti, sup \Xt\ < ttj] 

0<t<pi Pl<t<P2 

xP[ sup \Xt\ < tti, sup \Xt\ < ttj]. 

0<t<qi qi<t<q2 
11 



Notice that for all x > and y > 0, 
-P[supo<t<pi \Xt\ < X, supp^<t<p2 \Xt\ < y] 

< P[ sup \Xt\ < x] sup P[ sup \Xt + u\<y] (2.9) 

0<t<pi \u\<x 0<t<p2-pi 

= P[ sup \Xt\ < x]P[ sup \Xt\ < y] (2.10) 

0<t<pi 0<t<p2-pi 

= F{xp-^'^)F{y{p2-pir^l^). 

The equation 1)2. 9(1 is from the Markov property of Wiener processes, and 
equation ()2.1U|) is due to a general property of Gaussian measures (see, e.g. 
Ledoux and Talagrand ^1 p. 73]) 
It follows that 

Pm = E[F{a,S-^'\Ti))F{ai{-I{T,))-^'^)l 



P[BiB^] < E 



F . F 



xF I F 



y/S{T,)-S{T,)J \^m)-I{T,)^ 

Let Tt = {Ys^s < t} and M{t) = supo<s<t |l^s|- Let f{t) = exp{Kt). By 
noticing that S{Tj) — S{Ti) (resp. /(Tj) — I{Tj)) is bounded below by the 
positive part of (resp. r+) of 

a = sup {Yt-YTj-2M{Ti) 

T^<t<Tj 

[resp. T = -^-^g^^^Yt - Yt.) - 2M(r,)), (2.11) 
(i.e. sup {Yt-YT,)-2M{Ti)+ < ( sup (Yt) + \Yt^ - 2M{T.i))+ 

Ti<t<Tj Ti<t<Tj 

< M{Tj) - M{Ti)), 

we obtain that 

E[F{a,{S{Tj) - Sm))-y')F{a,{I{T,) - m))-^l')\TT^] 
<E[F{a,{a+r^l^)F{a,{T+r'l')\J^T.] 

< sup S[F(a,-((5(r,--r,)-x)+)-^/2) (2.12) 

0<a;<2A/{Ti) 

xF(a,((/(r,-r,)-x)+)-V2)] 
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with 

/i = 5(T, -r,)-2r//"/(loglogri) and V = -I(Tj -Ti) -2tI^" /{log log Ti). 

In the inequahty ()2.12|) we use the fact that a-stable process has stationary 
independent increments. 

As F is always between and 1, we get that 

P[B,Bj] < P[M{Ti)>Tl'''f{\og\ogTi)] 
= P[M(rO >T//"/(loglogT,)] 



+P[Bi]E 



F 



y(5(i)-0)+(r,-T,)iA 



xF 



(2.13) 



^(-/(i)-0)+(T,-r,)Vc 

The identity ()2.13p is due to the scahng property of a-stable process, with 

9 = 2{Tj - TO~i/"T//°/(loglogTO. 

Now by using Proposition 12.11 linix^oo P[S (1) > x] = we get that, if 
i > = [n'^/^-'^"^^'^)], then since /(log log Tj) is large 

p[M(r,) > T;^/"/(iogiogri)] < 2P[5(i) > /(log log r,)] 

< 4A;i(/(loglogr,))-" 
= 4ki{ilogi)-°'^ 

< 4A;in-"^^/(i+2^), (2.14) 



I.e. 



5] ^p[M(T,) > T//"/(iogiogT,)] / [Y^pm 

i=n^ j=l I \i=\ / 

< 4A;iC-2n2-("^+2)^/(l+2^) 

< 4kiC-^n-\ 



(2.15) 



as K > l/a(3(l + 2e)/e - 2). On the other hand, for j >i + 20 
^(Tj/Ti)^/^" < 2(ilogi)^/(j(^-^)/2 _ < 2Cor^^~*^^^" < 2Coj"^°/^", 
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which is small for the range of j we consider (if needed we can take j > i + 
20+ C{K), where C{K) is a constant multiple of K). Since from Proposition 
12.11 for X close to 0, 



P[S{l)<x\ < (l + e)A:2x"/2, 



we have 



p[s{i) -e<{i- {Tj/TiY'^'')s{i)] = p[s{i) < e{Tj/T,Yi^^] 

< 2A;2(0(r,/7^y/2a)a/2 

< 2A:2(2Coi-2°/^")"/2 

< Cir\ 

with some universal constant Ci. This inequality holds for —/(I) instead of 
5(1) as well, since symmetric a-stable process is symmetric. Therefore for 
all (i,j) S E2, C2 being a universal constant, we have 



E 



F 



F 



^{s{i)-e)+{T,-x^y-j V^(-/(i)-0)+(r,-r,)V"^ 
(- 



< 2Cir^ + E 



F 



< 2Cij-2 ^ ^ 



5(i)t; 



l/a 



-mT; 



l/a 



{since \lT]"'/Gij < 1 + Caj-^^"')/^") 

< 2C7ij~2 + P[ sup < a,(l + C72J-')] 

0<t<Tj 

< 2Cij-2 + P[Sj] + P[aj < sup |Zt| < aj{l + C2j-2)] 

0<t<Tj 

< 2Cij-2 + p[i?,] + c|j-^ 

where the last inequality follows from Lemma 12.31 Combining this with 
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TTH^ . and (ESI) gives that 




n n 



n 



) 



2 



< 4hC-^n-^ + 1 + {2Ci + Cl) Y P[B^] ^ 



i=i j=i 



i=l 



which yields ((TH|) . 



□ 



Since X^^^i -P[-Bfc] = oo, it follows from (|2.7|) and a well-known version of 
Borel-Cantelli lemma f Lemma 12.51 above) that P\limsupi^_^^ B^] = 1 which 
implies the upper bound in Theorem ll.il 

3 Local time of a-time Brownian motion 

In this section we give the definition of the local time of a-time Brownian 
motion and prove its joint continuity. In section 3.0.1 we prove a lemma 
which is crucial in the proofs of the main theorems. Sections 3.1-3.3 and 
section 3.5 give a study of the Levy classes for the local time. In section 3.4 
we prove an LIL for the range of a-time Brownian motion. 

Let Li{x,t) be the local time of Brownian motion, and L2{x,t) be the 
local time of symmetric a-stable process for 1 < a < 2 (see |23| for the 
properties of the local time of Brownian motion and see ^SI and references 
there in for the properties of the local time of symmetric a-stable processes). 
Let /, X G M, be a locally integrable real- valued function. Then 



for Wi a standard Brownian motion and W2 a symmetric stable process. 
Then we define the local time of the a-time Brownian motion as 



where L2{x, t) := L2{x, t) + L2{—x, t), x > 0. 

We prove next the joint continuity of L*{x,t) and establish the occupa- 
tion times formula for Z}. 




(3.1) 




(3.2) 
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Proposition 3.1. There exists an almost surely jointly continuous family of 
"local times", {L*{x,t) : t > 0, rc € M}, such that for all Borel measurable 
integrahle functions, / : M ^ M and all t > 0, 



f{Z\s))ds = jj{X{\Y{s)\))ds= I fix)L*ix,t)dx. (3.3) 
Proof. By equations (|3.H) and (|3.2|) 

POO 

f{x)L*{x,t)dx = / f{x) I L2{s,t)dsLi{x, s)dx 



XD POO 

L2{s,t)ds / f{x)Li{x,s)dx 

J — oo 

X3 PS 

L2(s,t)4 / f{X{u))du 
Jo 

L2{s,t)f{X{s))ds 

f{X{\Y{s)\))ds. (3.4) 

Hence we have the equation 1)3. 3() . The joint continuity of L*{x,t) follows 
from the joint continuity of the local times of Brownian motion and of sym- 
metric stable process. □ 

We now give the scaling property of local time of Z^. 

Theorem 3.1. 

L*(xtl/2a^^)/^l-l/2a (J P ^2 (s, 1)4^1 (x, s)dx = L* (x, 1) , X £ R. (3.5) 

Jo 

Corollary 3.1. For each fixed t >0, we have 

L*(0,t)/ti-i/2° (J L*(0,1). (3.6) 

Proof of Theorem AS.li The following scaling properties of the Brownian lo- 
cal time and stable local time are well-known. 

{Li{x,t); xeM.,t>0} = {^Li{c^/'^x,ct); x G M,t > 0}, (3.7) 

and 

{L2{x,t); X eM.,t>0} = { Li(c^/°x, ct); xeR,t>0}, (3.8) 
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(£) 1 



where c > is an arbitrary fixed number. Consequently we have 

L*{x,t) = / L2{s,t)dsLi{x,s) 
Jo 

/ L2{c^^"s,ct)dsLi{x,s) c>0 fixed 
Jo 

roo _ 

/ L2{^,l)dsLi{x,s), c= > fixed 
Jo i 

(J t^-V'^ f Z2(n,l)(i„Li(x,ut^/"), ^i = s/ti/",t>0 fixed 
{£) ti-i/"ti/2"^°°Z2(u,l)d„Li(^,u), t>0 fixed xGM. 

Clearly, the last equation is equivalent to H3.5|) . □ 

3.0.1 Preliminaries 

In this section we will prove a lemma which is crucial in the proof of the 
following theorems. The usual LIL or Kolmogorov's LIL for Brownian mo- 
tion which replaces the time parameter was used essentially in the results in 
jllj and j25j to prove Kesten's LIL for iterated Brownian motion. However, 
there does not exist an LIL of this type for symmetric a-stable process. To 
overcome this difficulty with the use of the following lemma we show below 
that the LIL for the range process of symmetric a-stable process suffices to 
prove Theorem 11.31 

Lemma 3.1. Let A C be Lebesgue measurable. Let L{x^A) be local time 
of Brownian motion over the set A. Then 

supL(x,y4) = sup-L(a;, \A\) = supL(x, [0, \A\]), 
xeM. xeR xeM 

where |.| denotes Lebesgue measure and = means equality in distribution. 



Proof. We use monotone class theorem from |23j. Define 

5 = C M+ : supL(x,^) = supL(a;, 1^1)}. 

Obviously M4. G S. Let A,B ^ S and A <Z B. Since L{x,A) is an additive 
measure in the set variable 

sup L{x,B) = sup L{x,A) + sup L{x, B \ A), 

x€M. xeS. xGR 
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so 



supL(x,|i?|) ="* supL{x,B) 



supL(2;, A) + supL(x, B \ A). 



On the other hand, 



hence 



supL(x, \B\) = supL{x, \A\) + supL(x, (|^|, |S|)), 

xes. xeR x£R 



sup L{x,\B\) = supL(x,|A|) +supL(x, (1^1,1^1)) 

a;GK xGK xGK 



supL(x, A) + supL(x, S \ j4). 



xGR xGlf 



For < |yl| < oo, the moment generating function of sup2,gigL(x, |^|) satis- 
fies for some 5 > 0, (see ^1 Remark p. 452] ) 

< MGF{t) = ^[etsup,g.L(x,|A|)j ^ ^ 

Since sup^.^^ L(2;, |j4|) and svlp,j.^^L{x^ |i?|)) are independent and sim- 
ilarly sup^jgig A) and sup^g]^ L(x, i? \ ^) are independent, considering 
moment generating functions (in case |^| = or |i? \ ^| = 0, we do not 
need generating functions) which is the product of the moment generating 
functions, we get that B\A £ S. 

Let An C An+i be an increasing sequence of sets in S. For A > 0, 

P[supL(x,U^=i^„) < A] = P[sup lim L{x,An) < A] 

xm xeK"^°° 

= lim P[supL(x,^„) < A] 

xm 

= lim P[supL(x, l^nl) < A] 

xm 

= P[supL(x,|U^=i A|) < A]. 

xm 

Hence U^^^An G 5. 

Now to complete the proof we show that open intervals are in S. Every 
interval is in 5, since the increments of Brownian motion are stationary. It 
is clear that sets of measure zero are also in S. Hence S contains every 
Lebesgue measurable set by monotone class theorem. 

□ 
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3.1 On upper-upper classes 

For further information on the Levy classes we refer to Revesz 
In this section we prove 

Theorem 3.2. There exists a to = to{w) and a universal constant Cuu £ 
(0, oo) such that for t > to we have 

L*{0,t) < SUpL*(x,t) < C„nt^-l/2a(ioglQg^^l+l/2a ^ ^ (g g) 

Proof. By the LIL for the range R{t) = \{x; Y(s) = x for some s < t}| 
given in Griffin 

limsupt"^/"(loglogt)"(^"^/")i?(t) = ci a.s. (3.10) 

t^oo 

and the Kesten type LIL for Y , estabhshed by Donsker and Varadhan |12j . 
for some finite constant C2 

limsupt"(^"^/°)(loglogt)"^/"supL2(x,t) = C2 a.s. (3.11) 



sup 


Us 


,t)dsLi{x,s) 













sup 




{s,t)dsLi{x,s) 


a.s 




Y[0,t] 






0{t^- 


-V"(iog 


logty/" supLii 


[x,R+nY[0,t])) 


0{t^ 


-i/"(log 


logt)i/° supLii 

x€R 


[x,\Y[0,t]\)) {by LemmaKT^ 


0{t^' 


-i/"(iog 


logt)^/" supLii 

x(=R 


(x,cti/"(loglogt)i-i/")) a.s. 


0{t^ 


-1/2" (loj 


-logt)i+i/2a) ^3_^2) 



with to big enough, by using the LIL for the range of Y and LIL of Kesten 
for supggiR Z2(s, t) from ()3.1U() - (|3.11() respectively, and then applying the 
Kesten's LIL once again to sup^g^ Li(x, cti/'^(log logt)^""^/") given in [TH] . 

□ 

3.2 On upper-lower classes 

In this section we prove 
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Theorem 3.3. There exists a universal constant Cui G (0, oo) such that 



Since the log log powers do not match in equations (|3.9p and we 
cannot deduce an LIL for sup^^^ L*{x,t). 

Proof. Proof follows from Theorem 11.21 and the observation 
t= / L*{x,t)dx < R*{t) sup L*{x,t), a.s. 

Jx&S(t) xGK 

where R*{t) = \S{t)\ = \{x : Z^{s) = x for some s < t}| and the fact that 
<2supo<,<i|Zi|. □ 

3.3 On lower-upper classes 

In this section we prove 

Theorem 3.4. There exists a universal constant Ciu € (0, cxd) such that 

P[L*(0,t)<supL*(x,t)<Q„(-^)i-V2a = (3.14) 

xGK log log t 

Proof. We have from Csaki and Foldes ^Ol^ for < a < 1 

P[supLi(j;, 1) < a] > exp(-4), (3.15) 

for some absolute constant c > 0. A similar result for the local time of Y is 
given in ^3]: there exists > and ci > such that for t large 

P[supL2(x, 1) < ^/(loglogt)^^^/"] > ci/3('°si°s*), (3.16) 
with e"^ < /3 < 1. 

Define C2 = \f^cjd with = d + \og^~^ < 1 and t^ = exp(A;P), with 
p S (1, 1/C/3) for /c large. Consider 

Sk 2c4ty"(log log tfc)"'^^"'^/'^, C4 constant in LIL of range of Y, 



"A: 

^fc = S sup(Li(x,Sfc) - Li(x,Sfc_i)) < 



2 (log log tfc) 1/20 



Ek = < sup(L2(x,tfc) - L2(2;,tfc„i)) < 



xgR (loglogtfc)l 
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We have by means of ()3.15|) and H3.16() . 

P[Dk] > P[supLi(x,l) < !'\,U2 ^ > exp(-a!loglogtfc), 

Pm > P[supL2(x, 1) < , ^ ] > ci/?(i°si°g*'=). 

xeR (loglogtfc)i V" 

Hence 

p[Fk] = p[Dk]pm> 



which imphes ^k-^i-^k] = oo. Thanks to the independence of the Fl.s, we 
can apply the Borel-Cantelh lemma to conclude that, almost surely there 
exists infinitely many /c's for which is realized. On the other hand, by 
the Kesten LIL, for X and Y for all large k, 



supLi(x,Sfc_i) < 2(sfc_i loglogSfc_i) ' < 



.1/2 ^ C2^fc- 



(loglogtfc)V2"' 



supL2(x,tfc_i) < 2c5tty"(loglogtfc-i)'/" < 



1-1/a 



XGM (loglogifc)l-V" 

Therefore there exist infinitely many /c's such that 



2c t^-^^" 

supLi(x,5,) < 1/2. ' (3.17) 

XGR (loglogffcjV^a 



supL2(x,t,)< l^ + ^f^^^^" . (3.18) 
xeK (loglogtfe)i V" 

For those A: satisfying H3.17() - H3.18p . we have, by the usual LIL for the range 
of Y given in (|3.1fl|) , 



/•oo 

sup L*{x,tk) = sup / L2{u,tk)duLi{x,u 
xeR xeK Jo 



= sup / L2{u,tk)duLi{x,u) 
xeK Jy[o,tfc] 

< 2 sup L2(y, tk) sup Li(x, M+ n y [0, t^]) 

yGK xGR 

< 4c2(0 + ce) - — {by Lemma^. 

\\og log tk J 



□ 
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3.4 The range 

In this section we will prove an LIL for the range R*{t) = \{x : Z^{s) = 
X for some s < t}\. The idea of the proof is to look at the large jumps of the 
symmetric stable process which replaces the time parameter in the process 
Z^(t). To prove LIL for the range of we need several lemmas. We adapt 
the arguments of Griffin to our case in the following lemmas. 

If Y{t) is a process and T is some, possibly random, time then Y*{T) = 
sup{|y(r)| : < r < T}. If S < T then {Y{T) - ¥{3))* = sup{|y(r) - 
Y{S)\ :S<r<T}. 

Definition 3.1. Tyia) = inf{s : \Y{s) - Y{s-)\ > a}. 

We will usually write Tyia) = T(a) if it is clear which process we are 
referring to. 

Lemma 3.2 (Griffin Ll3j). The random variables a'^/'^Y* {T{a^/°'-)) and 
y*(T(l) — ) have the same distribution. 

Using the scaling of Brownian motion it is easy to deduce 

Lemma 3.3. The random variables 

a-i/2a^*(y*(r(ai/°-))) 

and 

X*{Y*{T{1)-)) 

have the same distribution. 

As in Griffin jl3) . we can decompose Y as the sum of two independent 
Levy processes 

Y{t) = Y^{t) + Y2{t), 

where 

12 = J2^Y{s)-Y{s-))l{\Y{s)-Yis-)\>l} 

s<t 

Y^{t) = Y{t)-Y2{t). 

The Levy measure of Xi is given by l{|x| < l}|x|~"^~"(ix and the moment 
generating function by 

E[exp{aYi{t))] = exp(tV(a)), 



22 



where 

dx 



Observe that ^(a) ^ as a ^ 0. 

Lemma 3.4. [Griffin If a is small enough that ipia) < 2a~^ , then 



E[expiaY*iTil)-))] < 



2a-i - ^(a)' 
We deduce the following from the last lemma. 
Lemma 3.5. If a is small enough that < 2a~^ , then 



E[expiaX*iY*iTil)-)))] < 



2a-i - V(aV2)' 



Proof. The moments of Brownian motion X are given by E[exp{6X{t))] = 
exp{eH/2), so 

POO />oo 

E[exp{aX*{Y*{T{l)-)))] = / E[exp{aX*{l))]fi{s)2a~^e-^'^~'dlds, 

Jo Jo 

where //(s) is the density of Y*{s). 

Now P[X*{t) > x]< 2P[\X{t)\ > x] for each x > t > 0, hence 

E[exp{aX*{l))] < 2£;[exp(a|X(/)|)] < 4E[exp{aX{l))] =exp{a^l/2), 

therefore 

E[exp{aX*iY*iT{l)-)))] < 4 / E[expi^Y*{s))]2a-^e-^'' ds. (3.19) 
From Lemma 13.41 we deduce that 

E[exp{aX*{Y*{T{l)-m < 



2a-i - V(a2/2)' 

□ 

Definition 3.2. J{t,j{t)) = #{s < t : \Y{s) -Y{s-)\ > j{t)} where 
-fit) = (t/loglogt)V". 

We know from jl3j that J(t,7(t)) has Poisson distribution with param- 
eter 2 log log t /a. 
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Definition 3.3. Fix t > and define 

Ti = mf{s : \Y{s)-Y{s-)\>j{t)} 
Tfc+i = mf{s > Tk : \Y{s) - Y{s-)\ > ^{t)}. 

vi = {xi\Y{n-)\)-x{\Y{n^^)\)r 

Vk = X*{{{Y{Tk-))-Y{Tk-i)r) 
Wl = (t/loglogt)-V2"i4i 
Wk = (t/loglogt)-i/2«y^. 

Observe that VFfc, /c = 1, 2, • • • are identicahy distributed as 

X*{Y*{T{1)-)) 

by Lemma 13.31 

Observe also that W^, A; = 1, 2, • • • are identically distributed as 
X%{\Y{T2-)\-\Y{T,)\Y). 

Furthermore 

x*((|y(r2-)i - im)ir) < x*{{Y{T2-) - Y{T,)r). 

Finally, observe that X*{{Y{T2-) - Y{Ti))*) and X*{Y*{T{1)-)) are iden- 
tically distributed by Lemma 13.31 

Since the paths of Y are not non-decreasing, the processes W^, k = 
1,2, •• • are not independent. To get independent processes we have to dis- 
jointify the image of y. So we define 

Vi = sup \X{s)\ 

0<s<sup(,<^<y^_ |y(r)| 

= sup \X{s)-X{l)l 

s,l£Ak 

where Ak = \Y\[Tk-i,Tk-] n (|y| [0, rfc_i-])<^, k = 2,3,- •• Observe that 
given y, are independent for /c = 1, 2, • • • , and < IV^- Define 

Tyfc* = (t/iogiogt)-i/2ay^*. 

Now let denote the function (t/ log log t)^/^" log log t. 
Lemma 3.6. // A is sufficiently large, then 



,-2 
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Proof. We have by a lemma in Griffin for /3 sufficiently large 



P[J{tnit)) > [/31oglogt]] < Ijt^- (3.20) 

2 (logt)^ 



Since > 0, 



P[v* + ... + > A^(t)] < p[v,* + ■■■ + i^^iogiogi] > Mt)] 

+ P[J(t, 7(0) >[/? log log t]]. 

Let C = 32a-^/{2a~'^ - 7p{{2af/2)) and choosing f3 to satisfy (IT^ . we see 
that by Lemma 13.51 for a sufficiently small and lit denoting log log t 

< exp{-aXllt)E[{E[e^p{aW^)\Y] 
xE[expiaW^)\Y] ■ ■ ■ i?[exp(aH^f^,,,])|y])] 

< exp{-aXllt)E[{E[exp{2aWi)\Y] 
xE[exp{2aW2)\Y] ■ ■ ■ E[eM'iaWipiit])\Y])] 

< exp{-aXllt)E[{4E[ex.-p{2a^Ui)\Y] 
x4E[exp{2a^U2)\Y] ■ • • 4^[exp(2a2c/[^;;,])|y])] 

< exp(-aAZZt)(4£;[exp(2a2c/i)])[^"*] (3.21) 

< exp(-//t(aA-/?log^)) 

1 

- 2(1^' 
if A is sufficiently large. Where 

Uk = (t/iogiogt)-i/"(y(rfc-) -y(rfc_i))*. 

In the fourth line inequality we use equation 1)3. 19() . In equation ()3.21() we 
use the fact that Uj^s are i.i.d. with common distribution Y*{T{1)—) and 
Lemma 13.41 □ 

Theorem 3.5. There exits a to such that for t > to, and for certain con- 
stants C,K £ (0, oo) 

R*{t) > C7tl/2a(loglogi)-(l+l/2a) 

and 

P[R*{t) > Kt^/^^iloglogty-^/^" i.o] = I. 
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Proof. This follows from Theorem 13.21 and 

t= L*{x,t)dx < R*{t) sup L*{x,t), 

Jx£S{t) xeR 

where R*{t) = \S{t)\ = \{x : Z^{s) = x for some s < t}\. The last 
probability follows similarly using Theorem 13.41 □ 



Proof of Theorem \1.4\ We will prove only the upper bound in the light of 
Theorem 13.51 To prove the upper bound observe that 

i?*(t)<yr + --- + y;(,,,(,))+i. 

Thus by Lemma 13.61 for A sufficiently large 

P[R*it)>Xip{t)] < (logt)-2. 

Hence for large n, 

P[R*it) > Av9(t) for some i e [2",2"+i)] 

< P[i?*(2"+i) > A(/^(2")] 

< P[i?*(2"+i) > (Ac)(^(2"+i)] 

, Clast 

- (n + l)2- 

if A is sufficiently large. The result follows from Borel-Cantelli lemma. □ 

3.5 On lower-lower classes 

In this section we prove 

Theorem 3.6. There exists a to = tQ{w) and a universal constant Cu G 
(0, oo) such that for t > to 

supL*(x,i)>Q/(^^)'-'/'" a.s. (3.22) 
xm log log t 

Proof. The proof follows from Theorem 11.41 and the observation 

t= / L*{x,t)dx < R*{t) sup L*{x,t), 
Jx&s(t) xm. 

where R*{t) = \S{t)\ = \{x : Z^{s) = x for some s < t}\. □ 

Proof of Theorem Theorems 13.41 and 13.61 imply the proof. □ 
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